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Suppose not. Then for any i1,d2,...,4, € I, we have N}_F;, ¢ U. This implies that

r_(F;, N (X\U)) # 0 for any iq,1i2,...,i, € I. Note that since F;’s and X\U are closed,
(F; N (X\U)) are closed for all ¢ € I. Hence, by Finite Intersection Property (FIP), we have
Nier(F; N (X\U)) # 0. However, this implies that N;erF; ¢ U, contradiction. Hence there
exists 71,%2,...,4, € I such that Ny_, F;, CU.

In this case, we consider the topological space (Fj,, |, ). Note that by assumption, (F;,, ¥

Fio)
is a compact topological space. Since F;’s are closed, F; N F;,’s are also closed. Since U is
open, U N F;, is also open. Since N;erF; C U, we have N;er(F; N F;,) C (UN F;,). Hence, by
a), we know that there exists i1,49,...,4, € I such that N_,(F;, N F;,) C (UNF,,). This

implies that F;, U (N}_,F;,) C(UNF;,) CU.

Note that for any iy < iy < --- < 4y, we have N}_, F;, = F;, # 0. Hence, by FIP, NpenF), # 0.

* Consider the sequence Fy = X, F,+1 = f(F,). Since X is a compact Hausdorff space, f is
a closed map (i.e. f maps closed sets to closed sets). So by induction, F;, is a collection of
non-empty closed sets.

Now we are going to show that F,,;1 C F, for n > 1. First of all, since Fy = f(X) C X = F},
the proposition is true for n = 1. Assume it is true for some k € N, i.e. Fyy1 C Fj. Then we
have f(Fk+1) C f(F)). Hence Fy1o C Fiy1. By induction, we have F,, 11 C F, for n > 1.

As a result, by a), we have NyenFy, # 0. Let F' = NpenFp # 0. We are going to show that
f(F)=F.

First, we have f(F) = f(NnenFrn) C Mpenf(Frn) = NpenFrnt1 = F. To show that F C f(F),
pick any y € F = NyenFy,. Consider the set K, = f~1({y}) N F,. Note that {K, },en are
non-empty closed subsets with K, 1 C K, for n > 1. Hence by a), we have NpenK,, =
FY{y}) N (NnenFyp) # 0. This implies that y € f(F) and hence F = f(F).



